Lecture 7/

Multifactor design and
analysis



Factorial Design

A research design that includes two or more
factors is called a factorial design

In an experiment, an independent variable is
often called a factor, especially in
experiments that include two or more
Independent variables

This kind of design Is often referred to, by the
number of Its factors, as a two-factor design
or a three-factor design

A research study with only one independent
variable Is often called a single-factor design




Factorial Design

» Each factor Is usually denoted by a
letter (e.q. A, B, C)

» Factorial designs use a notation
system that identifies both the number

of factors and the number of values or
levels that exist for each factor

* e.g. caffeine (3 levels) and alcohol
study (2 levels) would be described as
3 X 2 two factor design



Types of factors

* FIXED - all population levels are
present in the design (e.g. Gender,
treatment condition, ethnicity, size of
community, etc.)

* RANDOM - the levels present in the
design are a sample of the population
to be generalized to (e.g. Classrooms,
subjects, teacher, school district,
clinic, etc.)



Simple effects, main effects
and interactions

* The simple effects of a factor are contrasts
between levels of one factor at a single
level of another factor.

« The main effects of a factor are contrasts
between levels of one factor averaged over
all levels of another factor.

 The Interaction effect measures differences
between the simple effects of one factor at
different levels of the other factor.



Main effects and interactions

* An Interaction between factors occurs
whenever the mean differences between
Individual treatment conditions, or cells, are
different from what is predicted from the
overall main effect of the factors

* When the effects of one factor depend on the
levels of a second factor, then there Is an
iInteraction between the factors

* When the results of a two-factor study are
graphed, the existence of nonparallel lines
(lines that cross or converge) Is an indication
of an interaction between the two factors



Main effects of caffeine and
alcohol: no interaction
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Main effects of caffeine and
alcohol: with interaction
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A simple example

_--

-1.25
A2 5 4 4.5 1.25
Column mean 3 3.5 3.25
Column effect -0.25 0.25

* From major effects of factor A, we can see A2 has
a higher effect than Al; From major effects of factor
B, B2 has a higher effect than B1;

* But, the combination A2B2 does not have highest
value. Actually, A2B1 gives the highest
performance.



Factorial Designs

» Advantages of factorial designs

—A greater precision can be
obtained In estimating the overall
main factor effects.

—Interaction between different
factors can be explored.

—Additional factors can help to
extend validity of conclusions
derived.



Examples of models

* single factor:
y = U + gene + error
* fwo factors:
y = U + treatment + gene + error
* two factors including interaction term:

y = M + treatment + gene + treatment.gene
+ error

e four factors:

y = U + treatment + gene + dye + array +
error



Two-way ANOVA

* Allows two different treatments to be
examined simultaneously.

* In its simplest form, it is all but
identical to 1 way, except that you
calculate 2 different treatment sums
of squares



Two-way ANOVA

e Get Information about the main effect
as well as the interaction effect

» Will be computing multiple F-ratios

» Can be both between-subjects, both
within subjects, or mixed design

« Each combination of factor A and
factor B creates a cell (what we are
comparing Is the means of each cell)



No Interaction

Factor B Mean
B, B, By,
FactorA | A, Y11 Y12 Yib Vi
A, Vo1 Yoo Yab Yo.
As | Ya Ya2 Yab Yas
Mean Va | Vo Vo |V=7Y.




No replications



No replications

* When the data has no replications, we
could not estimate interactions.

* Here _ 2,
Yie :BZYU":L 2,-+-,a
j=1
y.j :%Zyip J =1,2,---,b
i=1

yza_leZ Yi

i=1 j=1

QD
@y



The linear model

* The formal model underlying 2-Way
ANOVA, with 2 treatments A and B

*Vik =HF o+ B+ g
* Vi Is the kih replicate of treatment A level |
and treatment B level |

* a. is the effect of the it level of treatment A
(= difference between y and mean of all
data in this treatment.

- B, is the effect of the j™ level of treatment B
(= difference between y and mean of all
data in this treatment.



Hypotheses to test

* The hypothesis for rows:

*Hpo,=a,=...=0;=...=a, (ais mean
value of the 1" level for A - Overall mean
value)

* H;:a (i=1,2, ..., a) are notequal

* The hypothesis for columns:

° HO: Bl = BZ :_"' — BJ — .= Bb (BJ IS mean
value of the |* level for B - Overall mean
value)

®* Hi: By (=12, ..., b) are not equal



Sums of squares

* Then the sums of squares are

a b
SST:ZZ(YU'V)Z’ fT =ab-1

=l j=1

55, =3 2y, -y - 03 (v, -y =bY a1, =a-1

=l j=1
a b

85, =3 2°(y,-¥J = aZ(y -yf - aZﬁ fo=b-1

=1l j=1
a b

SS, = ZZ(YU Y 'Y,j + Y)2 = Zzgij’ f,=(a-1)(b-1)

i=1 j=1 i=1 j=1

SS, =SS, +SS, +SS.



Mean squares and test

For factorA  MS,=S§S,/(a-1)

For factor B MS; =SS;/(b-1)

For random errors MS_=SS /[(a-1)(b-1)]
Test for significance of A

MS, ) ) )
= VS F(a-1,(a-1)(b-1))

FA

Test for significance of B

MSg ) ) )
=S F(b-1,(a-1)(b-1))

&

Fg




Analysis of variance table
for the two factors

Source |Degrees of |[Sum of |[Mean square F ratio
freedom squares

Factor A f,=a-1 MS,=SS,/(a-1) MS,/MS,
Factor B fg=b-1 SSB MS;=SS;/(b-1) MSg/MS,
Error f.=(a-1)(b-1) SS, MS.=SS,/((a-1)(b-1))



Significance test

* Compare the statistic F with the threshold
value F_under given significant level o, then
give the decision on H,

F test, significant level=a, corresponding
to the threshold F_

If F,>F_, reject Hy, I.e. the differences
between the means of factor A are
significant. In other words, Factor A has
significant effects on observations.

If Fg > F,, reject Hy, I.e. the differences
between the means of factor B are
significant. In other words, Factor B has
significant effects on observations



An example

* Radioactive isotope Iin milk. Suppose that
the concentrations of the radioactive isotope
measured In picocuries per liter by three
different methods in specimens of milk from four
dairies are as follows:

DEVIVAVAY Method (B) Yi.
Method 1 Method 2 Method 3

1 6.4 3.2 6.9 0.5
2 8.5 7.8 10.1 8.8
3 9.3 6.0 9.6 8.3
4
Y:i

8.8 5.6 8.4 7.6
8.25 5.65 8.75 mean=7.55



Sums of squares

4 3

_ 4 3 _
$S =3 My, -yf =2 > y2-12-y" = 43.89, , =11

i=1 j=1 i=1 j=1
4 . m

S5, = Zg(yi. il y)2 - 32 y; -12-y*=18.99, f, =3
=1 i=1

SSg=4) y5-12.y*=22.16, f; =2

SS. =SS, -SS,-SS, =2.74, f =6



ANOVA

Source |Degree of |Sum of |[Mean |Fratio|Pr>F
freedom |\squares |square

Dairy 18.99 6.33 13.86 0.004**
Method 2 22.16 11.1 24.26 0.001**
Error 6 2.74 0.46

Total 11 43.89



Significance test

 ANOVA tables can have many different
treatments included. The skill Iin
ANOVA Is not working out the sums of

sguares, it Is the interpretation of
ANOVA tables.

* The clues to look for are always in the
df column. A treatment with n levels
has n-1 df - this always applies and
allows you to infer the model a
researcher was using to analyze data.



With replications



With replications: aXb Xr

Factor B
B, B, By,
Factor A Al y111 y121 ylbl
Y112 _ Y120 _ Y1in2 _
Yiir Yior Yibr
A, Yon Yoo1 Yon1
Yo12 _ Y200 _ Yon2 _
Your _ Yoor _ Your _
A, Yan Yao1 Yan1
Ya12 _ Yao2 _ Yan2
yalr ya2r yabr




 We denote

1
Yii. = sz_ll Yiik

Interaction



The linear model

The formal model underlying 2-Way ANOVA,
with 2 treatments A, B and their interaction

Yik = M+ o+ B; + +(af);+ g

Viik IS the Kth repllcate of TreatmentA level i
and treatment B level | ]

a. is the effect of the i™" level of treatment A (=
difference between u and mean of all data in
thls treatment.

is the effect of the j*" level of treatment B (=
dltference between g and mean of all data in
this treatment.

(ap); is the interaction effect of the i level of
treatment A and the jt level of treatment B.



Assumptions

For factor A

Hopp: o= a,= === a,=0
For factor B

oot fi= o= == 3= 0
For interactions

Hos: (f);;=0; forany I, ]



Sums of squares

* Then the sum of squares are
SS; :ZZZ(yijk - y)21 fr =abr-1
SS, = er(Vi.. -y)' = eraiz’ f,=a-1
SSp = arZ(V.j. - y)z = arZﬁjz’ fg=b-1
a b a b
SS g = rZZ(yij. YooYt y)z = rZZ(a/B)izj’ fas =(a-1)(b-1)

i=1 j=1 i=1l j=1

S8, =022 W= ¥3) =), 2. > &y T =ab ()

¢ SS.=SS,+SS,+SS,,+SS,




Mean squares

For factor A
MS, =SS, /(a-1)
For factor B
MS, =SS; /(b-1)
For interaction
MS g = SSAB/[(a -1)(b '1)]
For random errors
MS_=SS_/|ab(r-1)]



Significance test

 Test for significance of A

= Mg’* ~F[a-1ab(r-1)]

Fy

 Test for significance of B

= MzB ~ F[b-1,ab(r-1)]

&

|:B

 Test for significance of interaction

— MSAB

F
AB MSg

~F[(@a-1)(b—1),ab(r-1)]



The analysis of variance
table for the two factors

Source Sum of |Degrees of | Mean square F ratio
squares freedom

Factor A f,=a-1 MS,=SS,/(a-1) MS,/MS,
Factor B SSB fg=b-1 MS;=SS;/(b-1) MSg/MS,
Interaction SS,g fag= MS 5= MS,g/MS,
AB (a-1)(b-1) SS,g/[(a-1)(b-1)]

Error SS, f.=ab(r-1) MS.=SS,/[ab(r-1)]

Total T SS; fr=abr-1



For different models

 We know that

* Vi = U+ a; + B +(aB);+&;,
* For fixed-effect model,

Y=Y 4,20, (@h); = Y (), =05~ N(O,0)

j=1

 For random-effect model,

a; ~ N(O’G,i)’ﬂj ~ N(O’Gé)’ (aﬂ)ij - N(Oigis)’ Gijk ~ N(O’GEZ)



Expected mean squares

Source Degrees of | Mean Expected MS

freedom | square Fixed model Mixed model

Factor A f,=a-1 MS,=

2 2
bro, +o0. bro:+ros,+0°

FactorB  fg=b-1 MSg= 2 2 arcl4rol. +o?
ss./b-1) 29810 3T 10n T I,
Interaction f,g= MS =SS,z 2 2 2 2
AB (a-1)(b-1) /[@aLb-1)] | Ors T O, IO+ O,
Error f.=ab(r-1) MS,=Ss, 2 2
fab(r-1] e O

Total T fr=abr-1

Why do we need to know EMS?



To estimate the variance components!
For fixed-effect models

1
=—(MS, —MS
br( A 5)
1
= —(|\/|SB —MS))
JAB _(MSAB - MS,)

o’ =MS

E E



To estimate the variance components!
For random-effect models

1
— E(MSA — MSAB)
1
— _(MSB N MSAB)
JAB _(MSAB - MS,)

o’ =MS

E E



Interpreting the interaction term

* The hardest part of 2 way ANOVA s trying
to explain what a significant interaction
term means, in terms that make sense to
most people! Formally it Is easy; you are
testing HO: MS for interaction term Is
same population as MS for error.

* |t means that you can’t reliably predict the
effect of Treatment A at level a with B at
level b, knowing only the effect of A, and
B,, on their own.



Standard errors for means

MS,
rb

* For factor A, SVi.. =\/

MS
* For factor B, Sy_ = £
a a

* For cell means (V;.), S, :\/ £



Interval estimates for means

* The student t with ab(r-1) degrees of
freedom is required for interval estimates
of the cell means. The interval estimate for
a cell mean is

* When the significance level i1s 0.05
* Also called 95% confidence interval



An example

* Tenslile strength (psi) of asphaltic concrete
specimens for two aggregate types with
each of four compaction methods

Aggregate Compaction method (B)

type (A) Kneading

Static Regular Low Very low
Basalt 68 126 93 56

63 128 101 59

65 133 08 57
Silicious 71 107 63 40

66 110 60 41

66 116 59 44



Cell means and means for
two factors

Aggregate |Compaction method Aggregate

¢ )

Static Regular Low Very low
Basalt 653 1290 973 57.3 87.3
Silicious 67.7 111.0 60.7 41.7 70.3
Compaction 66.5 120.0 79.0 495 y = 78.8

means ( Y; )



Sums of squares
SS =YD (Y= V) =D ) ) i -2-4-3-§° =19274.50, f, =23
SS,=brY (y; —y)?=4-3->y2-2-4-3-y° =1734.00, f, =1
SSB:arZ(yJ y)?=2-3-)y’ -2-4-3-y* =16243.50, f =3

SSpp = rZZ(yij. Vi oYt y)z =1145.00, T3 =3

i=1 j=1

SS. =SS, -SS, -SS, - SS,, =152.00, f =16



ANOVA

Source Degree of |[Sum of |Mean F ratio | Pr>F
freedom |squares |square

Aggregate 1734.00 1734.00 182.53 0.000**
Compaction 3 16243.50 5414.50 569.95 0.000**
Interaction 3 1145.00 381.67 40.18 0.000**
Error 16 152.00 9.50

Total 23 19274.50



Estimation of variance components
and their contribution

Aggregate 143.71 12.20
Compaction 900.83 76.47
Interaction  124.06 10.53
Error 9.50 0.81
Total 1178.10



Nested Experiments



Nested Experiments

In some two-factor experiments the level of
one factor , say B, is not “cross” or “cross
classified” with the other factor, say A, but
is “NESTED” with it.

The levels of B are different for different
levels of A.

For example: 2 Areas (Study vs Control)
4 sites per area, each with 5 replicates.

There Is no link from any sites on one area
to any sites on another area.



Nested Experiments

 That Is, there are 8 sites, not 2.

Study Area (A) Control Area (B)
S1(A) S2(A) S3(A) S4(A) S5(B) S6(B) S7(B) S8(B)
X X X X X X X X
X X X X X X X X
X X X X X X X X
X X X X X X X X
X X X X X X X X

X =replications

Number of sites (S)/replications need not be equal with each sites.
Analysis is carried out using a nested ANOVA not a two-way ANOVA.



Nested Experiments

A Nested design Is not the same as a two-
way ANOVA which Is represented by:

Al A2 A3
Bl XXXXX XXXXX XXXXX
B2 XXXXX XXXXX XXXXX

B3 XXXXX XXXXX XXXXX

Nested, or hierarchical designs are very
common in environmental effects monitoring
studies. There are several “Study” and
several “Control” Areas.



Objective

* The nested design allows us to test two things:

(

1) difference between “Study” and “Control”

areas, and (2) the variability of the sites within
areas.

t

t

If we fail to find a significant variability among

ne sites within areas, then a significant

difference between areas would suggest that

nere Is an environmental impact.

In other words, the variability is due to

differences between areas and not to
variability among the sites.



Objective

 |n this kind of situation, however, It IS
highly likely that we will find variability
among the sites.

* Even If it should be significant,
however, we can still test to see
whether the difference between the
areas Is significantly larger than the
variability among the sites with areas.



Statistical Model
Yik=un+0Q;+ B(i)j t &k

| Indexes “A” (often called the “major
factor”)

()] indexes “B” within “A” (B is often
called the "minor factor”)

(1))k indexes replication
1=1,2,...,a

1=1,2,...,b

k=1,2,...,r



Model (continued)
Vi =Y.+ (V- )+ (- V) + (Ve - Vi)
* and
22 20 =222 (5 M+ 22 D (v - V)
o +;$g¢fmf o

SSr = ZZZ(yijk - ) = ZZZ yijk2 -abr - y°
SSA = er(yi.. - 7)2 — brz ylz - abryz

a b
SS(A)B — rZZ(yij. - yi..)2

i=1 j=1




Model (continue)
Or,
SS; =SS, + SSue+ SS,

Degrees of freedom:
fr=abr-1, 1,=a-1, f,g=a(b-1), f;=ab(r-1)



Example

 a=3, b=4, r=3; 3 Areas, 4 sites within each area, 3
replications per site, total of (abr = 36) data points

M, M, M, Areas
1 2 3 4 5 6 [ 8 9 10 11 12
Sites
10 12 8 13 11 13 9 10 13 14 7 10
14 8 10 12 14 11 10 9 10 13 9 7
9 10 12 11 8 9 8 8 16 12 5 4
1 /1 0 11\ 11 // ° 13 13 7 7— i

10 25~_ y



Example (continue)

SS, =4 x 3[10.752 + 10.02+ 10.02]- 4 X 3 X 3
x10.252=4.5

SSus = 3 [(11-10.75)2 + (10-10.75)2 + (10-
10.75)2 + (12-10.75)2 +(11-10)2 + (11-10)2 + (9-
10)? + (9-10)? + (13-10)> + (13-10)? + (7-10)? +
(7-10)7]

= 3X42.75=128.25

SS; =10+ 14%+...442 -4 Xx 3 X 3 X
10.25°=240.75

SS, = 108.0



ANOVA table for the example

* Nested ANOVA: Observations versus Area, Sites

Source DF SS MS = P
Area 2 4.50
Sites (A)B 9 128.25
Error 24  108.00
Total 35 240.75

 What are the “proper” ratios?
E(MS,) = 0% + 10 %45 + rbo %
E(MSn)g)= 0% + 10 %n)5

E(MS,) = 0°

= MSs/MS,



Summary
Nested designs are very common in
environmental monitoring
It Is a refinement of the one-way ANOVA

All assumptions of ANOVA hold: normality
of residuals, constant variance, etc.

Need to be careful about the proper ratio
of the Mean squares.

Always use graphical methods e.q.
boxplots and normal plots as visual aids
to aid analysis.



Let’s work on previous data together

* Tenslile strength (psi) of asphaltic concrete
specimens for two aggregate types with
each of four compaction methods

Aggregate Compaction method (B)

type (A) Kneading

Static Regular Low Very low
Basalt 68 126 93 56

63 128 101 59

65 133 08 57
Silicious 71 107 63 40

66 110 60 41

66 116 59 44



